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Abstract 

We refine the definition of universal ratio c/c obtained via AdS/CFT correspondence as shown 

n 

in [1[ , denoted as j c , and apply it to non-CFTs whose dual gravitational theory have metric of 
asymptotic AdS. We conjecture that 7 C = 1 is the lower bound being saturated at high temperature 
regime and serves as an ordering parameter as energy scale varies. We test this conjecture with 
the hard wall AdS/QCD toy model and N = 2* Pilch- Warner solution and find the agreement. At 
last, we make a connection with the C-Theorem and prove this conjecture in a general holographic 
background with multi-kink geometry. 
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I. INTRODUCTION 



In the paper 1| the authors argued that a universal ratio c/c exists in an infinite class 
of conformal field theories in diverse dimensions, which possess a classical gravity dual 
according to the AdS/CFT correspondence 0, [3, l^]. Here c is the central charge and c is the 
normalized entropy density. It may serves as a criterion for whether a given CFT has a dual 
gravitational description. In this note, we refine the definition of universal ratio, denoted as 
7c so that it can be applied to those no-CFTs whose dual gravitational theory has metric 
of asymptotic AdS. We argue that 7 C = 1 is the lower bound which is saturated at high 
temperature (UV) regime. It also serves as an ordering parameter in different energy scales. 
Later on, we test this conjecture with the hard wall AdS/QCD toy model and N = 2* 
Pilch- Warner (PW) solution. In the former case, 7 C is found to jump between 1 and oo at 
some critical temperature signaling a first-order phase transition. In the PW solution, we 
expect 7 C increases smoothly from its lower bound as temperature decreases. Both saturate 
7 C = 1 at their UV limit. At last, we make a connection with the C-Theorem and prove 
the conjecture by showing that the monotonically increasing 7 C in a general holographic 
background with multi-kink geometry. 



II. REFINED UNIVERSAL RATIO 7 C 

We first recall the definition of universal ratio c/c[l]. The central charge c is defined via 
two-point function, which can be computed via AdS^+i /CFT d prescription Q, 0, Q and has 
the following form 

_d + i L d ~ x r(rf + i)7r d / 2 
c ~ d - 1 i^jp) r(d/2)3 • () 

On the other hand, the renormalized entropy density c is defined via 

S ~ C ATT d ^T(dy d ' d + 1 ' [ ) 

where the entropy density s can be computed for AdS Schwarzschild black hole, that is 

1 AttL, 



4Gi v d+1) d 



In order to carry this definition over to non-CFTs, we request that the dual gravitational de- 
scription has metric of asymptotic AdS such that the corresponding field theory approaches 



CFT at UV limit. Then we can refine c as the short distance limit of two-point function, 
which is still given by ([I]). However, the nontrivial variation of degrees of freedom at dif- 
ferent energy scales give rise to c ^ c and therefore the ratio 7 C 7^ 1. Now it is obvious 
that 7 C = 1 is saturated at UV limit by assumption, however it is nontrivial statement 
that 7 C > 1 as we are away from UV regime. We first give a hand- waving argument by 
observing another related ratio of shear viscosity to entropy density rj/s. This quantity can 
be obtained from the ratio of absorption cross-section to entropy density, a/s , in the dual 
gravitational description, and conjectured to be universal, say rj/s = 1/Att for both CFTs 
and their relevant deformations [6]. Suppose that we have some kind of thermal object X 1 
inside the AdS^+i space in correspondence to certain non-CFT at finite temperature on its 
boundary, in similarity as the AdS-Schwarzschild black hole to CFT. Since black holes have 
the largest cross-section as well as entropy density in comparison to other objects of the 
same size, we expect that ax < <Jbh- If we agree with the universality of the ratio a/s, 
then we must also have sx < sbh, hence the normalized entropy density c x < cbh- In this 
way, we deduce that 7 C > 1 for non-CFTs. In the following we will examine two examples 
of non-CFTs and find they all agree with our conjecture that 7 C > 1. 



III. HARD WALL ADS/QCD TOY MODEL 



The hard wall toy model was constructed via botto m-up approach and has been proved 
useful for calculating hadronic spectrum in qcdQ, [q, M, llOl]. It consists of the Poincare AdS 
space with a hard infrared cut off at z = Zq, that is [111] 



r 2 L 2 
ds 2 = — (—dt 2 + dx^^) H — -dr 



< z < z Q . 



(4) 
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It was shown that in this model Hawking-Page thermal phase transition can still happen 
at a finite critical temperature regardless of its noncompact boundary, where the critical 
temperature is obtained by T c = 2 1 / 4 /7r2 il2!]. The cut-off thermal AdS is thermodynam- 
ically favorable at the temperature lower than T c , while the black hole is favorable at the 
temperature higher than T c . With appropriate choice of counterterm which is required for 
finite gravity action, the computation of entropy in both cases has been carried out in the , 
that is [13] 



1 More likely X is a compound object, such as a black hole couples with other matter fields. 
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T 3 



if T < T c 
if T > T c 

(5) T 5 



Provided the five dimensional Newton constant G N L = 8n g a and the relation L = 
AngNa' 2 , we identify that there exists a first order phase transition at T c where 7 C jumps as 
we go from UV limit to IR limit, that is 



7c 



00 if T < T c 

1 if T > T c 

This sudden change of degrees of freedom is also expected in the soft wall toy model, 
where the IR wall is provided by an exploding dilaton at IR regime 
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IV. N = 2* PW SOLUTION 



In the construction of PW solution |l4j, M = 4 super Yang-Mills is softly broken into 



M = 2 by introducing a mass for the adjoint hyperm ultij 
dual to its finite temperature version was studied in 



et. The supergravity background 
It consists of two scalars 



utipiet. in 



a and Xi which in the field theory side correspond to operators associated with boson and 
fermion mass individually, satisfying the five dimensional equations of motion, 

-i? M „ = 3d^ad u a + d^vX + -^9\JP, 
IffP ISP 

where V = V(a, x) is the effective scalar potential whose explicit form is not important here. 
The thermodynamical quantities apart from the high temperature regime, say ^ <^ l 2 , were 
computed and in particular, the leading high-temperature correction of entropy function was 
given by[16|, 

This immediately implies that our refined universal ratio takes the following form at high 
temperature regime, 

1 r(3/4) 4 m 2 
^l + ^T^- (7) 



Here m is the deformation parameter which gives the mass term S^{TrQ 2 + TrQ 2 ) for chiral multiplets 

9y M 

Q and Q. 
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FIG. 1: Asymptotic AdS space with multi-kink geometry. The refined universal ratio j c is mono- 
tonically increasing from UV to IR. 

This can be generalized to the non-supersymmetric case where bosonic and fermionic mass 
are not equal, say m b ^ m/[17|. then one can derive that 



7c 



1 + 



48 



ml 



+ - 



4T(3/4) 4 m 2 



7r 2 (24vr) 2 T 4 vr vr 4 T 2 ' 
In either case we observe that 7 C > 1 as we move away from UV. 



(8) 



V. DISCUSSION 



What we have shown is that the 7 C > 1 works for both hard wall AdS/QCD toy model 
and N = 2* PW solution, where 7 C = 1 serves as a lower bound at UV regime. Here we 

n 

would like to make a connection to the C-Theorem|18|] such that a monotonically decreasing 
C implies a monotonically increasing j c . Consider a general possible d + 1-dimensional bulk 
metric where the Poincare symmetry is respected on the boundary, that is, 



ds 2 



^V^dx^dx" + dr 2 



We will take A(r) — > r/L for asymptotic AdS space of curvature radius L as r — ► oo. r 
infrared region is given by r — > — oo. The C-Theorem states that there exists a function 

Co 



(9) 
^he 



id 



C(r) 



(10) 



A'{r) d ~ v 

which is non-increasing along the flow toward the IR provided the weaker energy condition 
saying that A"(r) < 0. Since we only concern positive C in arbitrary dimensions, we also 



request A'(r) > 0. One typical example is the kink ansatz given in [18J where AdS space 
appears in both UV and IR regions and a kink interpolates in between. We now propose a 
multi-kink ansatz where each kink of size A is labeled by increasing integer from UV to IR in 
the following order £7V|/Ci|/C2| • ■ ■ \Kn\IR as shown in the Fig.l. A(r) behaves linearly inside 
each kink /Q, say A(r) = (r — aj)/L, + for r E /Q and constant aj, 6j. The discontinuity 
of A'(r) at each kink interface may be further smoothed out with care by some transition 
function. Once we heat up the system, we expect the blacken function locally behaves like 
/(r) = 1 — e as the horizon r e JQ. The entropy density can be computed as 

follows, 



4G^ +1)V d ' V ^/'(ro)' 
This implies that the refined universal ratio in each kink takes the following form 

a = (12) 

The monotonically increasing A'(r) implies that L\jy > ■ ■ ■ > Li > Lj + i > ■ ■ • > Lm, 
therefore 

l = l U c V <---<ll<ll +1 <---<ll R (13) 

Once we take the continuous limit where kink size A — > and N — > oo, we may obtain a 
smooth and non- decreasing 7 C along the flow toward the IR, which acts in opposite direction 
to the function C. This concludes our proof for 7 C > 1 in a general holographic background 
with asymptotic AdS. 
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